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NOTATION AND DEFINITIONS 
In [4] it is noted that there is little known about the minimum of the 
permanent function on the class U&k, k) of n x n (0, I)-matrices with 
exactly k ones in each row and column. In [5] Sinkhorn shows that 
min 
‘4E&z(3,3) 
per A 3 n, 
thereby answering a conjecture of Marshall Hall. In [3], Mint shows that 
min 
~~Wkk) 
per A >, n(k - 2) + 2. 
Both results may be more easily obtained by the use of the simplified form 
for nearly decomposable matrices as given in [2]. 
This paper introduces the notion of k-nearly decomposable matrices 
and shows through the use of these matrices that 
min per A 2 (k - Wk - 1) n. 
AEU&,k) 2 
The following definitions concerning matrix theory are used in this 
paper. 
An n x n non-negative matrix A is said to be partly decomposable if 
there exist permutation matrices P and Q so that PAQ = (“, g), where 
B and D are square. If no such P and Q exist, the matrix is said to be fully 
indecomposable. Let Eij denote an n x n matrix with a one in the ij-th 
position and O’s elesewhere. If A is fully indecomposable and for each 
au # 0, A - aijEir is partly decomposable, then A is said to be nearly 
decomposable. A is said to have a positive diagonal if there are positive 
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entries Al,, a2d2) ,..., unocn), where (T is a permutation of 1, 2 ,..., n. An 
entry a,, is said to be on this positive diagonal if c(i) = j. 
The following definitions concerning graph theory are used in this 
paper. 
If a directed graph G is strongly connected and with the removal of any 
arc it loses this property, then G is said to be minimally connected (see [l]). 
Suppose G1 ,..., G, are strongly connected graphs. By a minimal connection 
of G, ,..., G, we mean a directed graph G formed by connecting the graphs 
G 1 ,..., G, with arcs x1 ,..., x, in such a way that: 
(1) G is strongly connected; 
(2) if any xk is removed from G then G is not strongly connected. 
In other words, if we think of each Gk as a vertex, the X~‘S as arcs 
connecting these vertices, then the directed graph so formed is minimally 
connected. Finally, a directed graph G is k-homogeneous if there are 
exactly k arcs leaving each vertex and exactly k arcs entering each vertex. 
The following theorems are used in this paper: 
THEOREM A. If A is a fully indecomposable (0, I)-matrix, then each 
positive entry lies on a positive diagonal. If any 0 entry is replaced by 1, then 
this 1 lies on a positive diagonal [5, p. 1991. 
THEOREM B. If A is an n x n fully indecomposable (0, l)-matrix with 
at least k ones in each row and column, then each 1 is on at least k - 1 
positive diagonals. lfany 0 entry is replaced by 1, then this 1 lies on (k - 1) 
positive diagonals. 
THEOREM C. M,(k) = min,,U,(k,k) per A is achieved on a fully in- 
decomposable matrix (see [5, p. 2011). 
THEOREM D. If A is an n x n (0, I)-matrix then A is fully indecom- ( 
posable tf and only tf there exist permutation matrices P and Q so that 
(1) PAQ has a positive main diagonal and 
(2) the directed graph of PAQ is strongly connected (see [2]). 
RESULTS AND CONSEQUENCES 
# 
We begin with the following definition. The significance will be evident 
as the paper proceeds. 
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DEFINITION. An n x II fully indecomposable (0, l)-matrix A is said to 
be k-nearly decomposable if there are a pair of permutation matrices P 
and Q so that 
(a) PAQ has a positive main diagonal and 
(b) the directed graph of PAQ is a minimal connection of strongly 
connected directed graphs G1 ,..., G, (p >, 1) each of which is k-homo- 
geneous. 
One may wonder if l-nearly decomposable implies nearly decomposable. 
This is easily seen to be false by considering the following example. 
EXAMPLE. 
This matrix is l-nearly decomposable but not nearly decomposable. It is 
actually the case that each nearly decomposable matrix is l-nearly decom- 
posable, and hence l-nearly decomposable generalizes the notion of 
nearly decomposable. 
LEMMA 1. If A is k-nearly decomposable, with at least 1 row with k + 1 
ones in it, then there are permutation matrices P and Q so that 
AI 0 a** 0 E1 
E2 A, *a* 0 0 
PAQ = . . . . . . . . . . . . 
0 0 -*a E, A, 
where s > 1, each E,(k = 1, 2, 3 ,..., s) has exactly one 1 in it, each 
A 1 ,..., ASml is fully indecomposable having exactly k ones in each row and 
column. Finally A, is k-nearly decomposable. 
Proof. This follows from a proof similar to that of Theorem * in [2]. 
LEMMA 2. If A is an n x n, k-nearly decomposable matrix (k 2 3), then 
per A 3 K(k) + p(k - 11, 
where p = m - kn, m the number of entries of A being 1’s. 
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Proof: We prove this by induction on the dimension of the matrix. If A 
is a k-nearly decomposable matrix of dimension k, then p = 0 and the 
theorem holds. 
Suppose the theorem holds for all k-nearly decomposable matrices of 
dimension r; k < r < 12 - 1. We show it also holds for matrices of 
dimension n. For this we may assume p = 0, in which case the theorem 
obviously holds, or p # 0, in which case we may assume A has the form 
as in Lemma 1, where A, has dimension n,. . Now per A,. 3 Mn, for 
r E {l,..., s - l}. By the induction hypothesis 
per A, 3 MnB + (P - s)(k - 0. 
Further suppose A denotes the matrix formed from A by deleting each row 
and column which contains a 1 in some E,.(r = 1, 2 ,..., s), i.e., 
where A7 is A, with some row and column deleted. By Theorem B, per 
A > (k - I)“. Therefore 
per A 3 MeI 1.. MnJMn8 + (P - SW - 111 + (k - 1)” 
3 Mn + (P - s)(k - 1) + s(k - 1) 
= M, + p(k - 1). 
This leads to the major result of the paper. 
THEOREM 1, 1s A E U,(k, k), then 
perA > (k - 2)@ - 1) n. 
2 
ProoJ: We prove this by induction on k. If k E {I, 2) then the theorem 
clearly holds. If k = 3, the theorem holds since it is Sinkhorn’s. Suppose 
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the theorem holds for all k so that 3 G k < I - 1. We show that this 
implies that the theorem also holds for k = r. 
Suppose A E Un(r, r). By Theorem C we may further suppose that A is 
fully indecomposable. Replace each 1 on some positive diagonal d of A 
by a 0, yielding a matrix A’ E U,(r - 1, r - 1). We now list two cases: 
Case I. A’ is fully indecomposable. By the induction hypothesis 
Hence by replacing the O’s on d with l’s to yield A we have by Theorem B 
per A >, per A’ + (r - 2) n 
> (r - 3)(r - 2) n + (r - 2) n 
2 
= (r - 2)(r - 1) n 
2 * 
Case II. A’ is partly decomposable. In this case, we may find permuta- 
tion matrices P and Q so that 
(1) PA’Q has a positive main diagonal, and 
Al’ 0 ..a 0 
(2) PA’Q = (t > 1) where each A,‘(k = I,..., t) 
is fully indecomposable. 
By Theorem D the directed graph G, of each A,’ is strongly connected. 
Further since A is fully indecomposable we see by Theorem D that there 
are p O’s on the diagonal d of A’ so that when replaced by l’s yields a 
matrix A” so that the directed graph of PA”Q is a minimal connection of 
the directed graphs G1 ,..., G, . From this we see that A” is (r - l)- 
nearly decomposable. Hence there are permutation matrices R and S so 
that 
RA”S=[;;.f;.;=) 
as in Lemma 1. Now, by Lemma 2, per A” >, M,(r - 1) + p(r - 2). By 
$32a/12/2-9 
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replacing the remaining n -p O’s on d by l’s yielding A we have by 
Theorem B 
per A 3 per A” + (n - p)(r - 2) 
3 MS@ - 1) + P(r - 2) + (n - p>(r - 2) 
= M,(r - 1) + n(r - 2) 
2 (r 2% - 1) n. 
2 
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